In this article, an efficient numerical approach for weight optimisation of functionally graded (FG) beams in the presence of frequency constraints is presented. For the analysis purpose, a finite element (FE) solution based on the first order shear deformation theory (FSDT) is established to analyse the free vibration behaviour of FG beams. A four-parameter power law distribution and a five-parameter trigonometric distribution are used to describe the volume fraction of material constituents in the thickness direction. The goal is to tailor the thickness and material distribution for minimising the weight of FG beams while constraining the fundamental frequency to be greater than a prescribed value. The constrained optimisation problem is effectively solved by a novel differential evolution (DE) algorithm. The validity and efficiency of the proposed approach is demonstrated through two numerical examples corresponding to the four-parameter distribution and the five-parameter distribution.
Introduction
In recent decades the development of a new kind of materials, functionally graded materials (FGMs), has opened great opportunities for optimal structural design. FGMs are advanced materials composed of two or more constituents that have continuous and smooth spatial variation of the relative volume fraction and microstructure [1] . With advantageous characteristics such as high temperature resistant and elimination of stress concentration, FGMs are increasingly and widely used in different fields such as aerospace, marine, mechanical and structural engineering. In an FGM, material composition can be tailored to derive maximum benefits from its inhomogeneity [2] . Thus, optimisation of material distribution for structures made of FGMs has drawn considerable research attention.
On the other hand, frequency constraints are essential in structural design to improve the performance of a structure and to prevent the resonance phenomenon [3] . The optimal structural design under frequency constraints is a well-known optimisation problem, whereas the weight or an objective function value corresponding to the minimal cost of a structure is minimised while satisfying frequency constraints. There have been numerous researches on the optimal design of FG beams in the dynamic regime (e.g. [2, [4] [5] [6] [7] [8] [9] [10] ). However, most of the published works considered the optimal design for maximising/minimising the fundamental frequency. Studies have rarely been conducted on the lightweight design of FG beams. Therefore, the aim of the present study is to optimise the thickness and material distribution to minimising the weight of FG beams in the presence of frequency constraints.
The considered optimisation problem is highly nonlinear and difficult to solve by conventional gradient-based techniques. Metaheuristics (MHs), which do not rely on the function derivative and are suitable for nonlinear, non-convex, multimodal optimisation problems, have become dominant in the optimisation of FG beams. Some well-established MHs have been applied, including the genetic algorithm (GA) [2, 4, 9] , differential evolution (DE) [7, 8, 10] , and the firefly algorithm [6] . To effectively solve the optimisation problem of FG beams, a new optimisation algorithm based on differential evolution, termed modified differential evolution with directional mutation and nearest neighbour comparison (DErdn), is introduced in this article. DE is a simple population-based, stochastic optimiser which has shown good global search ability for various optimisation problems. However, like many population-based MHs, one of the main issues in applying DE is its expensive computation requirement. The proposed enhancements in the present work attempt to reduce the computation burden and enhance the search ability of DE. These enhancements are relatively simple and do not introduce additional control parameters as often appeared in other modified DE variants.
The determination of the natural frequencies requires the solution of the free vibration problem. There have been many published works on the analysis of the free vibration of FG beams using analytical approaches (e.g. see [11] [12] [13] [14] [15] ). In this study, to accommodate different boundary conditions, the finite element (FE) method is utilised. The formulation of the FG beam element is based on the first order shear deformation theory (FSDT) and linear elastic analysis. It is noted that FSDT has been used to develop the finite element solution for the vibration analysis of FG beams by Chakraborty et al. [16] using the simple power law for the volume fraction. Here, this finite element formulation is extended for FG beams with a four-parameter power law distribution and a five-parameter trigonometric distribution of the volume fraction in beam's thickness direction. These distribution formulations are supposed to permit more diverse material distributions for optimisation purpose. The four-parameter and five-parameter distributions have been used by some researchers for material distribution through the longitudinal direction to maximise the fundamental frequency of FG beams [9] and arches [10] .
Free vibration of FG beam
Consider an FG beam composed of two materials with the length L and rectangular cross section b × h, where b is the width and h is the height (Fig. 1) . The x, y and z-coordinates are taken along the length, width and height of the beam, respectively.
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Consider an FG beam composed of two materials with the length and rectangular cross section , where is the width and is the height (Fig. 1 ). The and -coordinates are taken along the length, width and height of the beam, respectively. 
Formula for volume fraction
The material properties are assumed to vary continuously along the thickness of the beam (in the -direction) and governed by the volume fraction of its constituents according to the linear rule of mixtures:
where represents the effective material property such as Young's modulus , and mass density ; is the volume fraction; subscripts 1 and 2 represent the constituent 1 and 
The material properties are assumed to vary continuously along the thickness of the beam (in the z-direction) and governed by the volume fraction of its constituents according to the linear rule of 49 mixtures:
where P represents the effective material property such as Young's modulus E, and mass density ρ; V is the volume fraction; subscripts 1 and 2 represent the constituent 1 and constituent 2, respectively. Possible distribution laws for volume fraction are the power law [17] , the sigmoid law [18] , the exponential law [19] and the three-parameter law [20] . In this study, to spatially tailor the material properties, it is proposed that the volume fraction of constituent 1 follows a four-parameter power law distribution or a five-parameter trigonometric distribution as given in Table 1 . Table 1 . Volume fraction of constituent 1
Four-parameter power law distribution Five-parameter trigonometric distribution
The parameters a, b, c, d, and p are the model parameters and are treated as design variables. The proposed formulas are supposed to allow diverse material distributions for optimisation purpose. It is noted that the four-parameter power law distribution can be transformed to the simple power law distribution of Eq. (2) by setting a = 1 and b = 0.
FE solution for free vibration of FG beam
a. Governing equations Based on the first-order shear deformation theory (or the Timoshenko beam theory), the displacement field is given as
where u and w are the displacements at a point along x and z directions; u 0 and w 0 are the axial and transverse displacement on the mid-surface, respectively; φ is the rotation of the cross section about the y-axis. Assuming linear elastic material behaviour, the strains are determined as:
and stresses are of the form:
where σ x and ε x are the normal stress and normal strain in the x direction; τ xz and γ xz are the shear stress and shear strain in the x − z plane; E(z) and G(z) are the Young's modulus and shear modulus, with E(z) is computed from the mixture rule of Eq. (1).
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Applying the principle of virtual work to the free vibration problem of the beam leads to:
where the symbol δ denotes the variation operator. By substituting Eqs. (4) and (5) into Eq. (6), integrating by parts and noting that the variation δu 0 , δw 0 and δφ can be arbitrary, we obtain the following governing equations:
where the coefficients A 11 , B 11 , D 11 , A 55 , I 0 , I 1 , and I 2 are given by:
The stress resultants are
In Eqs. (8) and (9), k is the shear correction factor (k = 5/6), which is required to compensate for the error due to the assumption in FSDT.
b. Finite element formulation
According to Ref. [16] , the interpolation functions for the displacement field of a finite beam element have the form:
Substituting Eqs. (10) into the static part of the governing equations given by Eq. (7), the following relations can be derived
The interpolation functions are then rewritten as
where
, or in matrix form
The vector of independent constants {c} can be expressed in terms of nodal displacements by using boundary conditions for each node, (at x = 0 and x = L):
where {û} = {u 1 , w 1 , φ 1 , u 2 , w 2 , φ 2 } T is the vector of nodal displacements of the element.
The displacements of a point in the element can be expressed in terms of nodal displacements:
where the matrix
and ℵ φ (x) being the exact shape functions for axial, transverse and rotational degrees of freedom, respectively [16] . The expression for the shape functions are given in Appendix A. Now, the force resultants in Eq. (9) can be written in terms of the nodal displacements:
Using Eq. (16), we can derive the element force vector as:
where [K] is the element stiffness matrix, and its explicit form is given in Appendix B.
The consistent element mass matrix is expressed as summation of four sub-matrices [16] [
where the components of the consistent mass matrix are determined as follows
The system equations are obtained by assembly of element matrices, implementation of boundary conditions, and introduction of loads. The free vibration behaviour of the beam is obtained by solving the following eigenproblem
and {u} are the system stiffness matrix, system mass matrix and system nodal displacement vector; ω is the circular natural frequency of the beam. The eigenvalues are determined from the condition that the determinant of the system of equations given by Eq. (19) must vanish.
Verification of FE solution
To , and clamped-free (CF) are examined. For comparison purpose, the non-dimensional frequency [12] , Ω = (ωL 2 ρ m /E m )/h, is utilised. Table 2 shows the convergence of the non-dimensional fundamental frequency with various numbers of elements of the FG beam with h = 0.1 m, L/h = 5, and p = 1. It is seen from Table 2 that numerical accuracy of the frequencies is satisfactory when the number of elements is 50. Using 50 equal elements, the non-dimensional frequencies are calculated and compared with those in Ref. [12] obtained by analytical solution using FSDT for L/h = 5 and 20 in Tables 3 and 4 , respectively. As seen from Tables 3 and 4 , the results from FE analysis (FEA) agree well with the results by Simsek [12] and the difference between the frequencies of the two studies is very small (less than one percent). 
Optimisation problem
The optimisation problem considered in this study is the minimisation of the weight of an FG beam while keeping its fundamental frequency to be greater than a prescribed value. The material distribution and the thickness are optimised simultaneously. The problem is formulated as where W is the weight per unit length; f 1 is the fundamental frequency; and f min is a frequency lower limit. In the above optimisation problem, the design variables a, b, c, d, p and h must be chosen such that the volume fraction at any point along the height will stay within the permissible physical limits, that is 0 ≤ V 1 ≤ 1. To assure that, an additional set of constraints is introduced as:
where V 1,top , V 1,bottom are the volume fraction values at the boundaries (at the top and the bottom); and V 1,min , V 1,max are the minima and maxima within the structure domain. The maxima/minima point z opt can be obtained by solving:
For the four-parameter power law distribution, we obtained:
For the five-parameter trigonometric distribution, we obtained:
The values of the volume fraction at the points in the structure domain corresponding to these extrema should satisfy the permissible limits.
Modified differential evolution
In this section, a novel differential evolution algorithm, termed as DErdn, is presented for solving the above optimisation problem. The enhancement is established through two modifications to the conventional DE, which are: 1) The random directional mutation for increasing the possibility of creating improved solutions; and 2) the nearest neighbour comparison method to prejudge a solution so that unpromising solution will be skipped without evaluating it. [21] is a population-based optimiser. DE uses a population of NP candidate vectors of the design variables x k , k = 1, 2, ..., NP, (individuals), and an individual is defined as x k = (x k1 , x k2 , ..., x kD ), where x ki , i = 1, 2, ..., D, are the design variables and D is the dimension of the optimisation problem. The population is then restructured by survival individuals evolutionally. First, an initial population is randomly sampled from the solution space as shown in Eq. (26): Then, each individual x k (called the target vector) of the current population is compared with a newly generated vector (called the trial vector) and the better one will be selected as a new member of the population of next generation. The evolution proceeds until a termination criterion is met.
Basic differential evolution

Differential evolution (DE) invented by Storn and Price
Two operators, named as 'mutation' and 'crossover', are used for producing trial vectors and they are described as follows. Mutation: For each target vector x k , a mutant vector y k is first generated. Various mutation strategies can be employed to create the mutant vector. The most popular one in classical DE is the so-called 'DE/rand/1', where the mutant vector is determined as:
where x r 1 , x r 2 , x r 3 are three mutually different individuals randomly selected from the current population, that is r 1 r 2 r 3 k; F is a scaling factor, a real and constant factor usually chosen in the interval [0, 1] which controls the amplification of the differential variation. In Eq. (26), x r 1 is called the base vector, while the others are called the difference vectors. Crossover: Crossover is introduced to exchange the information of the mutant vector with the target vector x k , creating a trial vector z k with its elements determined by:
where r is a randomly chosen integer in the interval [1, D] to ensure that the trial vector has at least one element from the mutant vector; Cr is the crossover rate predefined in [0, 1], which control the fraction of elements copied from the mutant vector.
Modification in mutation: the random directional mutation
In the mutation operator of Eq. (26), a random variation is derived from the difference of two randomly selected different individuals. Consequently, it has no bias to any special search directions. To take advantage of guiding information of the population, the differential variation is multiplied by a 'directed' factor d, which takes either value 1 or −1 depending on the order relation between the difference vectors x r 2 and x r 3 ,
This kind of directional mutation has the same concept of the well-known opposition based method presented for improving the DE performance in the literature [22, 23] . This rule guarantees that the differential variation is oriented toward a better vector, thus increasing the possibility of creating an improved solution.
Furthermore, random scaling factors are introduced to increase the diversity of the trial vector. The new mutation, named as 'random directional mutation', operator has the form
Modification in selection: the nearest neighbour comparison
In conventional DE, function evaluations are required for all trial vectors and many of them do not survive in the selection phase. Thus, many evaluations are useless. It is desirable that trial vectors that might produce no better fitness should not be evaluated. It is particularly important in problems where function evaluation is costly. A method called 'Nearest neighbour comparison' (NNC) is a recently developed method by Pham [24] , which can effectively reduce the number of function evaluations for various unconstraint benchmark optimisation problems. In this study, the NNC method is employed to reduce unnecessary function evaluations in solving constrained optimisation problem. The method is briefly described as follows.
Firstly, for each trial vector z k , a vector z nn k in the current population which is closest to z k is sought using the normalised Euclidean distance measure: Secondly, z nn k is compared with the target vector x k . If z nn k is worse than x k , the trial vector is likely worse than the target vector and it will be skipped. Otherwise, the trial vector is evaluated for further selection decision. In this way, several unpromising trial vectors are omitted and useless function evaluations can be reduced during the searching process.
Handling of constraints and comparison of solutions
The considered optimisation problem has inequality constraints, which can be expressed in the form
where N C is the number of constraints of the optimisation problem and c j (x k ) is the j-th constraint function. The constraint violation of a solution x k is then determined as
Deb's rules [25] are employed in this study to handle inequality constraints and to compare two solutions. Deb's constraint rules have been successfully applied to the GA and several MHs, and are described as: 57 1) A feasible solution is better than any infeasible one. 2) Of two feasible solutions or two solutions with equal constraint violations, the one having a smaller objective function value is the better one.
3) Of two infeasible solutions, the one having a smaller constraint violation is the better one.
Illustration examples
To demonstrate the efficiency of the proposed numerical approach, the lightweight design optimisation of an FG beam with length L = 1 is performed. The beam has the material properties similar as those given in Section 2.3. Two optimisation problems are considered. In the first problem (Problem 1), the volume fraction of alumina follows the four-parameter distribution. In the second problem (Problem 2), the five-parameter distribution is utilised. For both problems, the lower bound for the fundamental frequency of the beam is 500 Hz. The ranges of the design variables for each problem are given in Table 5 . These ranges are chosen based on a preliminary investigation of the proposed models of volume fraction given in Table 1 , which ensure a wide range of possibilities for material distribution. 
First, to better understand the performance of DErdn, the influence of each modification introduced in DErdn is investigated. Four different algorithms, including the conventional 'DE/rand/1' (DE), the DE with random scaling factor (DEr), the DE with random scaling factor and the directional mutation (DErd), and the DE with all proposed modifications, i.e. DErdn, are examined for this purpose. The parameter setting is as follows: the population size NP = 50; the maximum iteration T max = 300 for Problem 1 and 200 for Problem 2; the scaling factor F = 0.8 (applicable only for 'DE/rand/1'); the cross-over rate Cr = 0.9 for 'DE/rand/1' and 1 for the other algorithms. Each algorithm is run 20 times to obtain statistical results. Tables 6 and 7 present the optimisation results for Problems 1 and 2 with pinned-pinned supports, respectively. The statistical results include the best solution, the best, mean, worst, standard deviation (SD) values of optimal weights and the average number of function evaluations (NFEs). It is seen that DEr, DErd and DErdn produce better results than DE does, while DErd gives the best results. It is obvious that the DErdn with the nearest neighbour operator reduces the number of function evaluations considerably. Fig. 2 plots the average convergences of the best-found weight over the number of function evaluations for different algorithms. Clearly, all the modified DE algorithms converge faster than the classical DE does, and DErdn is the fastest algorithm. Fig. 2 also shows that the directional mutation does have considerable influence on the convergence rate. Now, DErdn is used to optimise beams with different support conditions. The best optimal results in 20 random runs are presented for Problems 1 and 2 in Tables 8 and 9 , respectively. As expected, the optimised beam with fixed ends has the lightest weight while the optimised cantilever beam has the largest weight, and all the optimised beams have the fundamental frequency satisfied the constraint. Tables 8 and 9 , respectively. As expected, the optimised beam with fixed ends has the lightest weight while the optimised cantilever beam has the largest weight, and all the optimised beams have the With the same boundary condition, the five-parameter distribution can provide smaller optimal weight than that obtained by the four-parameter distribution. Furthermore, it is found that material distributions obtained for the beams with different boundary conditions are quite similar, except those corresponding to the clamped-free condition. It can be explained that the beams with support at both ends (PP, CC, CP) have a similar fundamental vibration mode, while the cantilever beam has totally different fundamental vibration behaviour. This observation is different from that of the frequency maximisation problem for FG beams conducted by Roque Tạp chí Khoa học Công nghệ Xây dựng NUCE 2018 and Martins [7] , in which optimised material distributions through thickness were the same regardless boundary conditions.
The optimised volume fraction distribution along thickness is plotted for different support conditions in Fig. 3. 
Conclusion
A numerical approach for weight optimisation of FG beams subjected to frequency constraints is presented. The proposed approach is a combination of the finite element method with an enhanced differential evolution algorithm. The approach is capable of accommodating different boundary conditions for FG beams. Simultaneously optimisation of the thickness and material distribution is considered. Numerical results indicate that the proposed methodology is able to solve the weight minimisation problem of FG beams under frequency constraints effectively. Moreover, the proposed DE is relatively simple and it is shown efficient for this highly non-linear optimisation problem. The superiority of the modified DE algorithm is its much less requirement for function evaluations in comparison with the conventional DE. , ψ = 1 12 + βL 2
The elements of the shape functions for axial degrees of freedom are:
The elements of the shape functions for transverse degrees of freedom are: The elements of the shape functions for rotational degrees of freedom are:
Appendix B
The coefficients K i j of the element stiffness matrix in Eq. (16) are given as follows:
